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Abstract 

Here we prove the Cauchy-Kowaleskaya-Kashiwara theorem for holo- 
morphic functions with growth conditions. 
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Introduction 



Let X be a complex manifold. In [5] the authors proved that some functional 
spaces which are not defined by local properties, as tempered and Whitney 
holomorphic functions are objects of the derived category of sheaves on the 
subanalytic site associated to X, i.e. the site whose objects are subanalytic 
open subsets of X and the coverings are locally finite. Moreover, they have 
a piPx-niodule structure (locally, a section of T{U ; p\Vx) may be written as 
P = X]|a|<m with aa{z) holomorphic on U). 

It is natural to ask if classical results for 2?-modules remain true in this 
framework. Here we prove the Cauchy-Kowaleskaya-Kashiwara theorem for 
holomorphic functions with growth conditions, i.e. we prove that given a 
coherent 2?y-module M, and a morphism of complex manifolds f : X 
which is non characteristic for then 

where A denote growth conditions on the sheaf of holomorphic functions. 
The idea of the proof is the following: we divide the proof in two parts. In 
the first one we prove that the characteristic variety of a coherent Py-module 
M coincide with the microsupport of RHomp^x>Y{p\A4,OY)- Then, since / 
is non characteristic for A4, we have the isomorphism /^^ ~ f'[d], where d 
denotes the difference of the complex dimensions of X and Y. In the second 
part we use inverse image formulas for Oy to finish the proof of the theorem. 

In more details, the contents of this paper are as follows. 

In Section [T] we recall the definition of the subanalytic site and the con- 
struction of microlocalization of subanalytic sheaves. 

In Section [2] we recall some results on P-modules and some example of 
subanalytic sheaves of differential operators and their microlocalization. 

The first part of the proof of the theorem is the aim of Section [3l 
First we prove that the support of the microlocalization of a subanalytic 
sheaf F is contained in its microsupport and we use this fact to prove that 
f~^F ~ f'F (g) uJx\Y if / is non characteristic for SS{F). Then we prove 
that the characteristic variety of a coherent Py-module ^A coincide with the 
microsupport of the sheaf of solutions of A4 in Oy- 

Using these results we are ready to prove the theorem in Section [4l where 
we show the second step of the proof using inverse image formulas for Oy. 

Acknowledgments. We thank Pierre Schapira for his valuable suggestions 
on many aspects of this subject. We thank Andrea D'Agnolo for his re- 
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marks and comments during the preparation of this work. We thank Teresa 
Monteiro Fernandes for the useful discussions we had at CAUL. 

1 Subanalytic sheaves 

In this section we recall the definition of the subanalytic site and the con- 
struction of microlocalization of subanalytic sheaves. References are made 
to [4] and [8] for the theory of sheaves on subanalytic sites, and to [9] for the 
microlocalization of subanalytic sheaves. 

1.1 Sheaves on subanalytic sites 

Let X be a real analytic manifold and let fc be a field. Denote by Op{Xsa) the 
category of subanalytic subsets of X. One endows Op{Xsa) with the follow- 
ing topology: S C Op{Xsa) is a covering of C/ G Op{Xsa) if for any compact 
K of X there exists a finite subset Sq C S such that K n Uv/g5o ^ = ^ . 
We will call Xga the subanalytic site. 

Let Mod{kxsa) denote the category of sheaves on Xsa and let ModiR_c(A;x) 
be the abelian category of M-constructible sheaves on X. We denote by 
p : X —f Xsa the natural morphism of sites. We have functors 

ModR.c(A;x) C Mod{kx) ^^Mod{kxJ. 

p ^ 

The functor admits a left adjoint, denoted by p\. The sheaf p\F is the 
sheaf associated to the presheaf Op{Xsa) 3 U ^ F{U). 

The functor is fully faithful and exact on ModR_c(A;x) and we identify 
ModR_c(fex) with its image in Mod(/cXsa) by p*. 

Theorem 1.1.1 Let F G Mod{kxga) ■ Then there exists a filtrant inductive 
system {Fi} in ModiR.c(A;x) such that F ~ limp^Fi. 

i 

Let X, Y be two real analytic manifolds, and let / : X ^ y be a real ana- 
lytic map. The functors Horn, ^, and are always defined for sheaves 
on Grothendieck topologies. For subanalytic sheaves we can also define the 
functor of proper direct image f\\. The functor Rf\\ admits a right adjoint, 
denoted by f', and we get the usual isomorphisms like projection formula 
and base change formula. 
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1.2 Microlocalization of subanalytic sheaves 

Let -B be a vector bundle over a real analytic manifold Z endowed with the 
natural action of R+, the multiplication on the fibers. Let JJ be an open 
subset of E. We say that U is M+-connected if its intersections with the 
orbits of /X are connected. We denote the conic open set associated to 
U (i.e. M+?7 = //([/, M+)). 

Definition 1.2.1 A sheaf F on Esa is said conic ifT{R+U;F) ^ T{U;F) 
for each -connected relatively compact open subanalytic subset U of E. We 
call E>^^{kE,a) subcategory of D^{kEsa) consisting of objects with conic 
cohomology. 

Let E* be the dual vector bundle and consider the projections Pi,P2 from 
ExzE* to E and E* respectively. Let P' := {(x, y) £ ExzE*; (,x, y) < 0}. 
As in classical sheaf theory, one can define the Fourier-Sato transform and 
the inverse Fourier-Sato transform 

: D^+ikEj D'^+{kE*J, = Rp2niPi 'F)p,, 

The functors ^ and ^ are equivalence of categories, inverse to each others. 

Let X be a real analytic manifold and let M be a closed submanifold of 
X. We denote by TmX ^ M the normal bundle and by T^X A M the 
Conor mal bundle. 

We consider the normal deformation of X, i.e. an analytic manifold Xm, 
an application {p, t) : Xm — > X x M, and an action of R \ {0} on Xm 
{x,r)^x-r such that p-^{X \ M) ^ {X \ M) x (R \ {0}), t'^ic) ~ X for 
each c / and t~^^{{)) ~ TmX . Let s : TmX ^ Xm be the inclusion, the 
open subset of Xm defined hy {t > 0}, ia : ^ Xm and p = p o in- We 
get a commutative diagram 



TmX ^ > Xm " ^ 
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Definition 1.2.2 The specialization along M is the functor 

<i{F) = s-'RTnp-'F. 

The microlocalization along M is the Fourier-Sato transform of the special- 
ization, i.e. 



I^mF 



These definitions are compatible with the classical definitions of specializa- 
tion and microlocalization of [4]: we have the isomorphism ou^'^oRp^ ~ 
UM and o pf^j o Rp^, ~ pM- 

We have the Sato's triangle for subanalytic sheaves: 

F\m ® uJm/x ^^mF\m R^*PmF i 
where vr is the restriction of vr to T^jX \ M. 

Let A be the diagonal of X x X, and denote by 6 the diagonal embedding. 
The normal deformation of the diagonal in X x X can be visualized by the 
following diagram 



fl.l) 



TX 



■Ta{X X X 




Definition 1.2.3 Let F,G e D^{kx,J. We set 

phom'^{F,G) := p'^Rnom{q2^F,q^G). 



2 P-modules and £'-modules 

In this section we recall some example of subanalytic sheaves of differential 
operators and their microlocalization. Reference are made to p] and [10] 
for an introduction to P-modules and £^-modules respectively. Tempered 
microlocalization has been studied in detail in [Tj and we refer to [2] for 
the definition of formal microlocalization. The link between tempered and 
formal microlocalization and subanalytic sheaves can be found in [9]. 
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2.1 Notations and review 

Let k = C and let X be a complex analytic manifold. We denote by T>x 
the sheaf of rings of differential operators. Locally, a section of T(U;'Dx) 
may be written as P = '^ia\<m^a{z)d" with aa{z) holomorphic on U. We 
denote by Mod{Vx) the category of sheaves of X>x-niodules. 

Let f : X ^ Y he a morphism of complex analytic manifolds and let 
Vx-^Y = Ox ^f-^Vy '^y ^6 transfer bimodule of /. The inverse image 
of a Xiy-module M. is defined by 

r^M = VX-.Y ®f-^vy r^M. 

Let T*X ^ X be the cotangent bundle. We denote by £x the sheaf of 
rings of microdifferential operators. 

Definition 2.1.1 The characteristic variety Char(A^) of a Vx-module M. 
is the support of £x '^■k-^Vx 

Let / : X — > y be a morphism of complex analytic manifolds and let 
f^^ : X Xy T*Y T*Y be the base change map. 

Definition 2.1.2 Let f : X ^ Y be a morphism of complex manifold. Then 
f is non characteristic for A4 if 

f-\Chax{M)) n T^Y CX xy T^Y. 

We recall the following result 

Theorem 2.1.3 Let f : X ^ Y be a morphism of complex analytic man- 
ifolds and let M. he a coherent Vy -module. Assume that f is non char- 
acteristic for A4. Then f~^A4 is a coherent Dx -module and there is an 
isomorphism 

f-^Rnomvy{M,OY) ^ RHomvxir^M,Ox). 

2.2 Microlocalization with growth conditions 

Let M be a real analytic manifold. One denotes by VbM and C^J the sheaves 
of Schwartz's distributions and C°° functions respectively. We recall the 
definitions of the sheaves of tempered distributions 'Dbj^ and Whitney C°° 
functions C^'" on Mga. We have: 

r{U:Vbi,) = T{M-VhM)lTM\u{M;VhM), 
T{U-C^n = r(M;CS)/r(M;J-\^), 
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where C/ is a locally cohomologically trivial subanalytic subset and T{M;T^^jj) 
denotes the space of functions vanishing on M \ U with infinite order. 

Now let X be a complex manifold, Xj^ the underlying real analytic mani- 
fold and X the complex conjugate manifold. One denotes by Ox the sheaf of 
holomorphic functions on X and by Vx the sheaf of finite order differential 
operators with holomorphic coefficients. We denote by Ox, X = t,w,uj the 
objects of D^{p\Vx) defined by: 

O'x = Rnomp,vApiOx,^b'xJ, 
OJ = Rnom„r,Ap,Ox,CxP, 

Ox = P\Ox. 

We shall need the following isomorphism of [5]. Let F G D^_^{Cx), then 
(2.1) p"^Rnom{F, O'^x) - D' F ® Ox, 

where D'{F) = Rnom{F,Cx)- 

Let us consider the normal deformation of the diagonal in X x X as in di- 
agram (jl.lj) . Microlocalization of tempered and Whitney holomorphic func- 
tions correspond to the functors of tempered and formal microlocalization. 
In fact, let F e D^_^{Cx), we have the isomorphisms 

p-^phom"'{F,0^x) - tphom{F,Ox), 
p-^phom"'{F,0\) - {D'F®OxT, 

w 

where tphom and CS> are the functors of tempered and formal microlocaliza- 

tion (see [IJ and f2] for details) and (•)" denotes the direct image for the 
antipodal map. We shall need the following result 

Theorem 2.2.1 Let F € D^_^{Cx). Then H^phom{F, O^) has a structure 
of £x -module, for X = 0,t,w and for any A; G Z. 

3 Microsupport and characteristic variety 

In this section we expose some results on microsupport of subanalytic sheaves 
and its relation with the functor of microlocalization and the characteristic 
variety of a P-module. References are made to [6] for the construction of 
the microsupport (for ind-sheaves), and to [7| for the functorial properties 
of the microsupport. 
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3.1 Microsupport of subanalytic sheaves 

Let X be a real analytic manifold and let T*X A X be the cotangent 
bundle. We recall the following two equivalent definitions of microsupport 
of a subanalytic sheaves of [6]. For the notion of microsupport for classical 
sheaves we refer to [4]. 

Definition 3.1.1 The microsupport of F ^ D^iUxsa); denoted by SS{F) is 
the subset of T*X defined as follows. Let p € T*X , then p ^ SS{F) if one 
of the following equivalent conditions is satisfied. 

(i) There exists a conic neighborhood U of p and a small filtrant system 
{Fi} in C["'*l(ModR.c(/cx)) with SS{Fi)nU = such that F is quasi- 
isomorphic to limp^Fj in a neighborhood of'K{p). 

i 

(a) There exists a conic neighborhood U ofp such that for any G G D^_^{kx) 
with supp(G) CC vr(C7) and such that SS{G) C U U T^X , one has 

Remark 3.1.2 In 16] microsupport was defined for ind-sheaves. The above 
definition follows from the equivalence between subanalytic sheaves and ind- 
M.-constructible sheaves (see f5J for details). 

Let M be a real closed submanifold of X. 

Proposition 3.1.3 Let F e D^{kx,J. Then supp{iij^ F) C SS{F)nTljX. 

Proof. Let F e D^{kx,J and let p ^ SS{F). There exists conic neigh- 
borhood U of p and a small filtrant system {Fi} in C''*'^] (ModiK-c(fcjs:)) with 
SS{Fi) nU = such that there exists W G Op{Xsa) with U C -k-^(W) and 
Fw ^ lim p^Fj. We have pf^Fw ^ limp* i^'^/UM-^iW', hence {pf'jF)\u = 

i i 

since supp(/iMFj) C SS{Fi). 

□ 

Corollary 3.1.4 LetG e D^_^{kx), F G D^{kx,J. Then suppifihom'" {F, G)) C 
SS{F)nSS{G). 

The result follows from Proposition 13.1.31 and the following result of [7]: 
SS{Rnom{q^^G,q2F)) C x SS{F). 
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□ 

Let / : X ^ y be a morphism of real analytic manifolds and denote by 
f.^ : X xy T*Y — > T * y the base change map. 

Definition 3.1.5 Let f : X —> Y he a morphism of real analytic manifolds 
and let F G D^iky.J. One says that f is non characteristic for SS{F) if 

f-^{SS{F)) n T^Y C X xy T^Y. 

If f is a closed embedding X is said to he non characteristic. 

Proposition 3.1.6 Let f : X ^ Y he a morphism of real analytic manifolds 
and let F € D^{kYsa)- Assume that f is non characteristic for SS{F). Then 
the natural morphism 

f~^F®iOx\Y ^ f-F 

is an isomorphism. 

Proof. We may reduce to the case / closed embedding, hence we have to 
prove the isomorphism F\x ^uJx\Y — R^xF\x when SS{F) nT^y C TyY. 
Consider the Sato's triangle 

F\x ® u;x\Y ^ RTxFlx ^ Rn.fifF i . 

Since SS{F) n TJY C T^Y we have R-k^i'^F = by Proposition EU and 
the result follows. 

□ 



3.2 Characteristic variety 

Now let us study some applications of the preceding results to P-modules. 
We first need the following lemma. 

Lemma 3.2.1 Let F G D^_^{Cx) and let G £ D^{kx,,) then 

(3.1) p-^R-Kiinhom'"'{F, G) ~ D'F O p^^G. 
Proof, (i) Let us prove first the isomorphism 

(3.2) D'F M p-^G ^ p-^Rnom{q^^F, q^^G). 
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We may reduce to the case F = Cu with D'Cu ~ C^. Hence, given V,W & 
Op'^{Xsa), it is enough to prove the isomorphism H^{VxW; {Q2^G)^-igj^^) ~ 

H''(y X W;RTg-i^jj.^q^^G) for each keZ.We have 

H''{V xW;{q^^G)g-i^^^) ~ hm H'^iV nU' xW;q2^G) H''{W;G) 

u'du 

H^{V xW;Rrg^i^^^q^^G) ~ H''{V nU x W;q^^G) ^ H''{W;G), 

where U' G Op(X,a). 
(ii) We have 

~ i??i:om(gfiF,g2"iG)|A. 
Applying and (|3.2|) we obtain 

p-^RTTn^ihom"'{F,G) ~ p-^i??^0TO(gf ^F, g^^G)|A 

~ iD'FMq^^p-^G)\A 
~ D'F®p-^G. 

In the second isomorphism we used the fact that p~^ commutes with the 
functor of inverse image. 

□ 

We recall the notion of elliptic pair of [JJj- Let be a coherent P-module 
and F G D^_^{Cx), then {F,A4) is an elliptic pair if 

SS{F) n Char(7W) C T^X. 

We consider the sheaf Ox, for A = 0,t,w,u). 

Proposition 3.2.2 Let {F,M.) be an elliptic pair. Then we have the iso- 
morphism 

Rnomvj,{M,D'F^Ox) ^ RHomv^iM, p'^ Rnom{F,0^x))- 

Proof. If A = u; the result follows from (|2.1I) . 

Let A = 0, i, w. Let (5 : A — > X x X be the embedding and let us consider 
the Sato's triangle 

5-^Rl-Lom{q:^^F,q:^O\)®0J^\XxX ^ 5- RHomiq:^^ F,q:^0\) 
(3.3) ^ Rn,phom'^{F, O^) i . 
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We have 5- R'Hom{q{^ F, g^O^) ~ Rnom{F, O^). Then applying p'^ to the 
triangle (|3.3p . using the isomorphism (|3.ip and the fact that p^^O^ ~ Ox, 
we obtain 

D'F ® Ox ^ p-^Rnom{F, O^) p'^ R'k^iihom"'{F, 0\) i . 

Applying the functor RTi.omx>xi-^, ') we obtain 

Rnomvj,iM,D'F (S)Ox) ^ RTiomv^iM, p-^Rnom{F,0^)) 
RHomTy^iM, p-^Rn,phom"'{F,0^)) i . 

Then it is enough to prove that RTiomx)^ {M,p-^Rn^^jLhom"'{F,0\)) = 0. 
First remark that since fivr^, commutes with p~^ we have by adjunction 

RHomvxiM, p'^R-fr^phom"'{F,0^)) 
~ R^^RHom^-i^^ {7r-^M,p-^phom'^{F, O^)). 

Let k (zTj. By Theorem 1 2 . 2 . 1 1 we have 

R^^Rnom^-ij)^{Tr-^M,H''p'^phom'''{F,0^)) 

Wehavesupp(fx®^-i©^A/f) = Char(A^) and supp(i?'=p- V^om''"(F, O^)) C 
SS{F) for each A; G Z by Corollary 13. 1.41 Hence 

(3.4) R-fr^Rnom^^ij)^{TT~^M, H'' p-^ phom'''{F,0^)) = 

for each k & Z since the pair {F,M.) is elliptic. Let us suppose that the 
length of the bounded complex phom'^"'{F,0\) is n and let us argue by 
induction on the truncation t-"^ phom''°'{F,0\). If z = the result follows 
from (|3.4|) . Let us consider the distinguish triangle 

r^"^V"V^om^'*(F,0^) ^ p'^ phom'^iF^O^) H"" p-^ phom"'{F,0^) i 

and apply the functor i?7r*i?Hom^-ix)jf (tt^^AI, •). The first term becomes 
zero by the induction hypothesis and the third one is zero by (|3.4p . Hence 
{M, p-^R-k^phom'"'{F, O^)) = and the result follows. 

□ 

Let be a Px-niodule and let A = 0,t,w,a;. One sets for short 
Sol^{M) := R7iomp,Vx{p\M,0\). 
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Corollary 3.2.3 Let M. he a coherent Vx -module. Then 

SS{Sol^{M)) = Char(X). 

Proof. Recall that SS{Sol{M)) = Char(>i). 

(i) Char(7W) C SS{Sol^{M)) follows from the fact that p-^Sol^{M) = 
Sol{M) and SS{p-^G) C SS{G) for each G G D^Cx^a)- 

(ii) Char(7W) D SS{Sol^{M)). Let {x,0 ^ Char(7W) = SS{Sol{M)) 
and let U be an open neighborhood of x such that U n 7r(Char(A^)) = 
and such that for each F G D^_^{Cx) with supp(F) CC U one has 
Hom^6(C^)(F, 5o/(A^)) = 0. By Proposition 13.2.21 the complexes 

Rnom{F,Rnomvx{M,Ox)) ^ p'^ RHom{F, Rnomp,Vx{p\M,Rp^Ox)) 

~ p-^Rnom{F,Rnomf,,Vxip\M,0\)) 

are all quasi-isomorphic for A = 0, i, w, w. Hence Hom^jt^c^ ^{F,Sol^{M.)) = 
and ^ 5^(5o/^(X))- 

□ 



4 Cauchy-Kowaleskaya-Kashiwara theorem 

In this section we apply the results of the previous one to prove the Cauchy- 
Kowaleskaya-Kashiwara theorem for holomorphic functions with growth con- 
ditions A = 0,i,w,u;. We refer to [3j for the statement and proof of the 
Cauchy-Kowaleskaya-Kashiwara theorem for holomorphic functions. 

4.1 Statement of the theorem 

Let / : X ^ y be a morphism of complex manifolds. Set d = dimX — dimy. 
We recall the following isomorphisms of [5] and [9] 

(4.1) fO'y ^ PiVy^x ® 0'x[d], 

(4.2) fO^ ~ Rnomp,vAp^Vx^Y.O'^x)\^d\. 
Our main theorem is the following 

Theorem 4.1.1 Let Ai be a coherent Vy -module, and suppose that f is 
non characteristic for A4 . Then we have the following isomorphism for A = 
0, t, w, UJ 

f-^Rnomp,Vy{piM,0^) ~ Rnomp,'DAp\r^M,0\). 



12 



4.2 Proof of the theorem 

Proposition 4.2.1 Let M. he a coherent Vy -module, and suppose that f 
is non characteristic for M. Then we have the following isomorphism for 

X = 0,t,w,uj 

f-RHomp,Vy{p\M,0^) ~ Rnomp,vAp\r^ M,0\)[2d]. 

Proof, (i) Let X = t. Recall that if is a coherent Py-module and / is 
non characteristic, then f~^A4 is a coherent 2?x-niodule and 

r^RHomvyiM^Vv) ^ Rnomv^{r^M,Vx)[d]. 
We have the chain of isomorphisms 

Rnomv^{p,l-^M,0'x)[2d] ~ piRnomv^ir'M,Vx) (^p.Vx O'xM 

~ pir^Rnomvy{M,VY)^p,VxO'x[d] 
~ pJ-^Rnomj,^{M,VY)0pj-iVyfO'Y 
~ f{piRnomvy{M,VY) ®p,vy O'y) 
~ f-Rnomp,VyipiM,0'Y), 

where the first and the last isomorphisms follow from the coherence of f~^Ai 
and Ai, and the third one follows from (14.11). 



(ii) Let A = w. We have the chain of isomorphisms 

f-Rnomp,Vy{M,0^) ~ RHompf-i^^pJ-'MJ-O'Y) 

~ RHompj-i^^ {p\f-^M, RUomp^Vx (pi^x^Y, OJ))[2d] 
~ Rnomp,Vj,{pir'M,0'^)[2d], 



where the second isomorphism follows from (|4.2I) . 

(iii) Let X = 0,uj. Since ^A is coherent and / is non characteristic the result 
follows from the isomorphism 

f-Rnomvy{M,OY) ^ Rnomvx(.r^M,Ox)[2d]. 

□ 
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Proof of Theorem I4.1.1L By Corollary 13.2.31 / is non characteristic for 
SS{Sol^{M)). Hence by Proposition ETl] 

f-Rnomp,Vy{p\M,0^) ~ f-^Rnomp,VYiplM,0^)[2d]. 

Then the result follows from Proposition 14.2. 11 

□ 
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